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Abstract The metacommunity concept has proved to be a
valuable tool for studying how space can affect the
properties and assembly of competitive communities.
However, the concept has not been as extensively applied
to the study of food webs or trophically structured
communities. Here, we demonstrate how to develop a
modelling framework that permits food webs to be
considered from a spatial perspective. We do this by
broadening the classic metapopulation patch-dynamic
framework so that it can also account for trophic inter-
actions between many species and patches. Unlike previous
metacommunity models, we argue that this requires a
system of equations to track the changing patch occupancy
of the various species interactions, not the patch occupancy
of individual species. We then suggest how this general
theoretical framework can be used to study complex and
spatially extended food web metacommunities.

Keywords Food webs .Metacommunities . Trophic
interactions . Patch-dynamic models . Metapopulation
theory . Predator–prey

Introduction

Metapopulation theory and patch-dynamic models were
first introduced by Levins (1969) to explain the persistence
of a single species in a spatially subdivided habitat. Since
then, they have been used extensively as a spatially implicit

framework for studying how coexistence between a
potentially unlimited number of competitors may arise at
the regional scale despite competitive exclusion within
local patches (Levins and Culver 1971; Hastings 1980;
May and Nowak 1994; Tilman 1994). Despite the success
of patch-dynamic models for competitive interactions, their
application to trophic interactions has been more limited.
Notable examples of the latter include Zeigler’s (1977) and
Crowley’s (1979) studies of regional predator–prey persis-
tence, May’s (1994) study of the effects of habitat loss on
predator and prey persistence, as well as similar studies on
tritrophic chains by Holt (1997, 2002).

Incorporating trophic interactions into simple patch-
dynamic metapopulation models can allow such models to
serve as a metacommunity framework for investigating
food webs, where local habitat patches no longer contain
single species but local food webs linked to other patches
through species dispersal. As such, the development of a
patch-dynamic framework for food web metacommunities
may provide a significant step towards broadening the
scope of existing metacommunity theory (Leibold et al.
2004; Holyoak et al. 2005; Amarasekare 2008).

From a metacommunity perspective, food webs are
comprised of numerous local food chains or subwebs
connected by dispersal (Fig. 1). An approach that views
food webs at large spatial scales as being the sum of
numerous locally simple configurations may contribute to
reconciling the contradiction between the complexity often
observed in empirically compiled food webs and early
theoretical expectations that food webs should be simple
systems characterised by few interactions, short chain
lengths and little or no looping (Gardner and Ashby 1970;
Levins 1970; May 1972, 1973; Pimm and Lawton 1978;
Lawton and Warren 1988). While several factors have been
posited to explain this discrepancy between theoretical
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predictions and empirical observations (Pimm 1984;
McCann et al. 1998; Loreau et al. 2002; Brose et al.
2006; Neutel et al. 2007; Otto et al. 2007; Allesina and
Pascual 2008), the spatial structure of food webs is likely to
be an important part of the explanation (Paine 1988;
McCann et al. 2005).

Currently, most compiled food webs are aggregate
representations of all possible feeding relationships
over time and space. Although some meta-analyses
(Schoenly and Cohen 1991) and theoretical studies
(Michalski and Arditi 1995) have explicitly considered
temporal variation, studies of spatial variation in food web
architecture are relatively few (Warren 1989). Theoretical
studies of the effects of space exist but are largely
concerned with different spatial scales of predator and
prey movement (McCann et al. 2005; Rooney et al. 2006).
Despite the intense recent focus on the metacommunity
concept, surprisingly, little theoretical attention has been
paid to how food web structure may vary across a range of
spatial scales in a metacommunity (Fig. 1). Here, we
provide a general patch-dynamic framework for food web
metacommunities.

From metapopulations to trophic metacommunities:
extending the patch-dynamic framework

The underlying feature of all metacommunity models is the
spatial subdivision of habitat into local patches and thus the
division of a regional metacommunity into its local
populations. Classic patch-dynamic metapopulation models

track the regional abundance of a species, measured as the
fraction of patches occupied at the landscape level (Levins
1969). The basic differential equation for a single species
mean-field metapopulation model is simply

dp

dt
¼ cp h� pð Þ � ep; ð1Þ

where p is the regional abundance measured as the fraction
of total habitat occupied (0≤p≤1), while c, e and h are,
respectively, the colonisation rate, the extinction rate and
the total fraction of patches that exist as suitable (non-
destroyed) habitat (0≤h≤1; in the original Levins equation
h=1). The first term gives the colonization rate of new
patches due to the number of new colonisers that find
available (unoccupied) habitat, while the second term gives
the loss of occupied patches due to local extinction.

It has been relatively simple to extend the patch-dynamic
approach to metacommunities governed by competitive
interactions by simply adding an equation for each new
competitor in the system and incorporating terms into each
equation to account for the rate at which a species is
competitively excluded from patches by superior compet-
itors (Levins and Culver 1971; Hastings 1980; May and
Nowak 1994; Tilman 1994). Attempts have been made to
further extend the patch-dynamic formulation to encompass
trophic interactions by similarly defining food webs using a
system of differential equations to represent the rate of
change in regional abundance of each species in the
system: dp=dt ¼ �p1; �p2; . . . ; �pnð ÞT , where �pi ¼ dpi=dt
(Vandermeer 1973; Bascompte and Sole 1998; Swihart
et al. 2001; Melian and Bascompte 2002). We argue that,

Fig. 1 Spatial food web model:
a patch-dynamic approach
allows a spatial perspective on
food webs by viewing food
webs as the regional aggregate
of simpler, spatially distributed
food chain configurations. The
complexity of the full, spatially
heterogeneous food web only
emerges with increasing
sampling effort at larger spatial
scales
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for trophically structured metacommunities, a system of
equations tracking the changing patch occupancy of the
various species will not work except in exceptional cases
where each consumer species is either a specialist (i.e., has
a single potential prey) or where the interactions between
generalist consumers, and each of their resources are
indistinguishable (all prey are interchangeable). We cir-
cumvent these limitations by presenting a framework that
tracks the changing patch occupancies of various trophic
interaction types, not species abundances.

A new framework based on the patch occupancy of
interactions is required for two reasons. First, species within
a local food web can be affected not only by the extinction
of their immediate resource but also by all extinctions
below it in the food chain. Keeping track of the rate of local
extinctions for each species in the metacommunity requires
determining the frequency of patch overlap between a given
species and each of the species below it in the aggregate
food web. Secondly, previous models (Vandermeer 1973;
Swihart et al. 2001; Melian and Bascompte 2002) incor-
rectly determined the frequency of overlap between an
interacting generalist predator and each of its resources by
simply multiplying out each species’ density as though the
densities represented independent probabilities, which will
not be the case if the viability of either of the species
involved in a consumer–resource interaction is in any way
specially affected by the interaction itself.

Broadly speaking, there are two possible approaches to
successfully incorporating trophic interactions into a patch-
occupancy framework: One is to use a state-transition
model (May 1994; Holt 1997, 2002) where the fraction of
patches occupied by each possible trophic configuration, or
community, is followed separately (in the simple case of a
specialised predator–prey system, this would mean one
equation to track the fraction of prey-only patches and
another for the fraction of prey-plus-predator patches (May
1994)). The other is to follow the fraction of patches
occupied by each feeding link or pairwise consumer–
resource interaction, separately. This latter approach is the
simplest possible and the one requiring the least number of
equations to describe a metacommunity of trophic inter-
actions. Below, we outline a general patch-dynamic model
and then demonstrate its application to simple spatial food
web modules.

A general metacommunity framework for food webs

A patch-dynamic approach views a food web as being
partitioned into local trophic interactions and food chains,
with the full complex food web only emerging as an aggregate
of all local interactions at the metacommunity scale. The
patch-dynamic approach thus offers one way of investigating

the emergence of complex food web networks within
metacommunities composed of many patches.

We consider a food web showing all potential feeding
links (Fig. 2) as a directed graph or a food web network,
with the vertices of the graph representing species, and the
directed edges, or arrows, representing the feeding links
directed from the resource to the consumer. Each species
vertex can be represented by a numerical index value, and
each directed edge, or feeding link, by an ordered pair (i, j)
indicating direction of feeding from i to j. The fraction of
patches occupied by a given feeding link is thus p(i, j) (for
the case of a basal species i subsisting or feeding in ‘empty’
habitat patches, h, the density of its feeding link is
equivalent to the density of the basal species itself, i.e.
p(h, i)=pi; see Fig. 2a, b). A food web graph represented by
G can thus be defined by the expression G=(V, E), where V
is the set of all species vertices in the network, and E is the
set of all directed feeding links.

The framework we introduce here focuses on a system of
equations that follow patch occupancy of all pairwise
interactions and not the various local food web config-
urations possible in the food web—as in a state-transition
approach. The vertices in the corresponding food web
graph thus represent single species. Although both
approaches appear to represent two quite different perspec-
tives, they both involve tracking the patch occupancy of the
various trophic interactions and not the individual species
in the network. As such, it is possible to combine the two
approaches and move beyond tracking simple pairwise
interactions in order to follow the patch occupancy of more
complex trophic configurations.

Fig. 2 Three simple trophic configurations. p(i, j) represents the
regional density or patch occupancy of the pairwise feeding
interaction (i is the resource and j the consumer); h represents
available habitat. a Specialist predator–prey interaction. b Omnivory
food web module with top predator able to persist in basal resource
and intermediate consumer patches. c Example of an arbitrary trophic
network
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Formulating a general, yet reasonably workable
metacommunity model requires certain simplifying
assumptions. First, we assume that the food web graph
is a directed acyclic graph, such that it exhibits no
cannibalism (self-looping), mutual predation, or other
non-transitive feeding loops (directed cycles of the form
a ‘eats’ b, b ‘eats’ c, c ‘eats’ a) and such that the feeding
links move from lower species indices to higher ones.
Although empirically compiled food webs display numer-
ous examples of cannibalism, mutual predation and loop-
ing, most such cases involve age-structured feeding
interactions (e.g. feeding on juveniles by adults of the
same or different species (Polis 1991)). We believe that
our simplifying assumption is a reasonable starting point
for our framework.

The types of food chain configurations possible within a
local patch will be determined by the assumptions made
regarding the mechanisms that allow for coexistence
between consumers on a common resource. The basic
model presented here assumes that habitat patches can
contain only a single basal resource and that only one
consumer can locally persist for each of the given resource
species within a patch, as per the competitive exclusion
principle. As a result, linear chains are the most complex
configurations possible locally, though more complex
topologies can emerge at the metacommunity scale. This
is the simplest approach that would allow us to study the
emergence of food web complexity at the metacommunity
scale while making the fewest possible assumptions
regarding specific local coexistence mechanisms. Adopting
such a basic approach means that the trophic interactions
that are tracked by the system of differential equations are
simply the various pairwise trophic interactions between
species.

Nevertheless, depending on the requirements of the food
web system being modelled, the need to represent more
complex local network topologies may arise due to the
operation of mechanisms that are known to allow for more
than one species to locally occupy and feed on a single
resource species (e.g. resource partitioning, keystone
predation, etc.). The basic model framework we introduce
here can be extended to include such mechanisms, often by
simply transforming the food web graph through the
addition of new directed edges, and new consumer vertices
representing local configurations of interacting species able
to persist together on a single resource within a patch. As a
result, additional differential equations will be required to
track, not only the patch occupancy of pairwise interactions
between species, but the patch occupancy of interactions
between species and possible local configurations of
coexisting species represented by the new vertices in the
graph. Accounting for possible indirect effects between
nonadjacent species (e.g. Holt 2002) similarly involves

extending our patch-dynamic framework to allow vertices
to represent more than one interacting species at a time. The
resulting differential equation system that arises by extend-
ing the model will still track pairwise interactions between
vertices in the food web graph, but some of these vertices
will now represent locally coexisting species instead of
single species (Fig. 3).

However, the more the assumptions regarding strict
competitive exclusion and the absence of indirect species
interactions within patches are relaxed, and the more
complex the local network configurations potentially
become, the closer the modelling formulation will begin
to resemble a state-transition approach, such that the trophic
interactions tracked by the system of differential equations
will now primarily involve pairwise interactions between
local food web configurations rather than simple pairwise
interactions between species. As the network complexity
permitted within local patches increases maximally, the
model formulation will eventually become indistinguish-
able from a state-transition model.

Below, we present our general model before moving on
to demonstrate the approach for the simple food web
configurations shown in Fig. 2. The overall approach of the
model is to follow the rate of change in the density, or the
patch occupancy, of the pairwise interactions between two
trophically interacting species i and j, as represented by
dp(i, j)/dt. Changes in the patch occupancy of the (i, j)
interaction results from a net balance between, on the one
hand, the loss of the (i, j) interaction in patches due to the
total number of local extinctions experienced by both i and
j arising from patch extinctions, top–down predator effects
and competitive displacement of either species and, on the
other hand, the birth of new (i, j) interactions due to food
chain reassembly following either local extinctions of other
species or the colonisation of the i or j species into new
patches. The basic form of the differential equation that
follows the rate change in metacommunity abundance of
the pairwise interaction between a given species j feeding
on a species i can be represented by the following linear
combination of terms

dp i; jð Þ
dt

¼ A� B� C þ Dþ E � F � G� H : ð2Þ

Each of the terms in Eq. 2 represents an algebraic
expression giving the rate of increase or decrease in the
fraction of patches occupied by the (i, j) interaction due to
various factors. All the algebraic expressions corresponding
to each term in Eq. 2 are given in Table 1. The various
model parameters and variables seen in Table 1 are defined
in the description of the model below and are summarised
again in Table 2.

Terms A and B are the most basic terms common to all
single species mean-field patch-dynamic models. Term C
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extends the single species model to multiple competitor
species (Levins and Culver 1971; Hastings 1980; May and
Nowak 1994; Tilman 1994). Terms D to H include trophic
interactions between multiple species, essentially trans-
forming a mean-field metapopulation model into a meta-

community model. Of these latter terms, term H gives the
added extinction rate experienced by a species due to the
effects of top–down predation (Bascompte and Sole 1998),
while terms F and G give the loss that a consumer species
feeding on a particular resource experiences due to extinction
of species further down the trophic chain. Terms D and E
give the gain of patches containing the (i, j) interaction due
to the reassembly of feeding links that follows species
extinctions (term D) or competitive displacement (term E) in
a trophic chain.

To understand the algebraic expressions given in Table 1,
consider the graph of the food web network represented in
Fig. 2c, where the set of all species vertices, V, and the set
of all feeding links, E, are given by V={1, 2, 3, ..., 7}, and
E={(1, 3), (2, 3), ..., (6, 7)}. For any species i in the
network, we can let C(i) denote the set of all potential
consumers of i (all the species at the terminal end of the
links directed away from i). There is a competitive
coefficient value vj,i associated with every element j in C
(i), such that if vj,i>vk,i, then j is a better competitor for i
than k is. It is possible that some of the directed paths in a
network, like that depicted in Fig. 2c, will represent food
chain sequences that cannot exist within a local patch. This
arises in situations where a path from one species to another
can be bypassed directly. For example, in Fig. 2c, the
directed path 1, 3, 4, and 6 can be bypassed by the single
link (1, 6). If species 6 is a better competitor for species 1
than 3 (v6,1>v3,1), then the chain sequence 1, 3, 4, and 6
cannot exist locally since 6 will always out compete 3. If,
however, generalist consumers with higher indices are
assumed to be inferior competitors for the prey further
down in their food chains than other potential consumers
with lower indices, then all the possible directed paths in
the graph represent food chain sequences that are locally
viable. To avoid the complications arising from non-
permissible food chain sequences, we will adopt, for the
time being, a working assumption that higher generalist
consumers are less competitive or efficient at consuming
species further down the food chain than lower level
consumers. We show later how to apply our framework
when this assumption is relaxed.

In the set of ordinary differential equations repre-
sented by Eq. 2 and described in Table 1, cj,i and ej,i
are, respectively, the colonisation rate and the extinction
rate that species j experiences in resource i patches,
while μj,i gives the top–down effect of j on i, or the
added rate of local extinction experienced by i due to
consumption by j. We also represent the fraction of all j
patches where the j consumer is feeding on resource i as

ρ(i, j), where r i; jð Þ ¼ p i; jð Þ

, P
k2RðjÞ

p k; jð Þ ¼ p i; jð Þ
�
pj, such

that
P

k2RðjÞ
r k; jð Þ ¼ 1. Here, R(j) is the set of all potential

Fig. 3 Transforming food web graphs in order to allow vertices to
represent more than one species at a time. a Example of coexistence of
more than one consumer on a local resource. If species 2 and 3 can
locally coexist together on a single resource 1 patch due to some form
of resource partitioning, then the food web network on the left can be
transformed by the addition of a new vertex and new directed feeding
links to represent both the co-occurrence of 2 and 3, and the trophic
interactions that the co-occurring species will have with common
resources and potential consumers. The model’s differential equation
system will still track the proportion of patches occupied by the
pairwise interactions between vertices, though now some of these
vertices will represent groups of co-existing species. b Example of
indirect interactions between nonadjacent species in a food web. If the
local interactions in a patch between species 1 and 2, shown in the
network on the left, varies depending on whether consumer 3 or 4 is
currently feeding on 2, then species 3 and 4 indirectly interact with
species 1 [for example, by affecting the top–down predator induced
extinction rate that 2 has on 1 (Holt 2002)] The model outlined in the
text can be extended to account for these indirect interactions by
simply transforming the food web graph on the left into the one on the
right. The transformation is similar to that of creating a directed line
graph and involves converting pairwise interactions between species
in the graph on the left into new vertices. Again, the differential
equation system of the model would still track the patch occupancy of
pairwise interactions between vertices, but now, some of the vertices
will represent trophically interacting pairs of species
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resources of consumer j (i.e. the set of all species with
links directed towards j). In other words, we can associate
for every directed feeding link in the food web graph both
a value for the proportion of patches occupied by that link,
p(i, j), and a value representing the fraction this link is of
all other feeding links flowing into that consumer vertex,
ρ(i, j).

The large number of summations in the model, as
formulated in Table 1, arises as a result of both the general
and arbitrarily complex nature of the network being
represented, as well as from the need to account for how
extinctions further down each of the various possible food
chains in the network can affect the viability of the (i, j)
interaction. In order to be able to properly account for the
effects that all extinctions below a given pairwise interac-
tion in a food web will have on the overall abundance of
that interaction, we will need to consider further our food
web network graph, G=(V, E). Imagine a directed path, or a
sequence of directed feeding links (s, s1), (s1, s2), (s2, s3), ...
(sm, t) in G, starting at species s and ending in species t. We
can define Ts,t as the directed path denoted by the sequence
of species, s, s1, s2, s3, ...sm, t along this feeding chain. The
union of all possible directed paths along the feeding links
in the food web between species s and t is Ss,t, i.e.
Ss;t ¼

S
i2I

Ts;t
� �

i(here, I is an index set). Ss,t is thus a

subgraph of the food web G such that its set of feeding
links, Es,t, and species vertices, Vs,t, are subsets of E and V,
(Vs;t � V and Es;t � E).

The fraction of all t-occupied patches containing the food
chain sequence represented by Ts,t can be represented by
f(Ts,t). We can calculate the value of f(Ts,t) by multiplying all
the ρ values corresponding to all the pairwise feeding links
along the food chain, i.e. f Ts;t

� � ¼ Q
m;nð Þ2ET

r m;nð Þ. Thus,

f(Ss,t) is the fraction of all t-occupied patches that have a food
chain sequence starting at s and ending in t, giving us

f Ss;t
� � ¼ X

Ts;t�Ss;t

Y
m;nð Þ2ET

r m;nð Þ

0@ 1A: ð3Þ

The density of patch overlap between any (i, j) interaction, and
any given species k below it in the network is p(i, j)·f (Sk,i).
For convenience, we define f (Sk,k)=1, and in the case where
there exists no directed path between two species l and k,
f (Sl, k)=0.

It would appear that calculating the rate at which a
species k’s extinction rate, further down in the food chain,
will drive the (i, j) interaction locally extinct simply
involves multiplying the rate at which k goes extinct with
p(i, j)·f (Sk,i). However, one must account for how possible
food chain reassembly below the i species will prevent the
(i, j) interaction from going extinct. This occurs when
intermediate species between k and i switch their feeding to
k’s resource l as k goes locally extinct. Therefore,
measuring the effect of k’s extinction rate on i requires us
to know the net fraction of patches where k and i overlap

Table 1 Equation 2 details

Terms
in Eq. 2

Description Mathematical Expression

A Increase in (i, j) interaction due to colonization of new i patches by
j

P
k2RðjÞ

cj; i p k; jð Þ
P

l2RðiÞ
p l; ið Þ �

P
m2CðiÞ

p i; mð Þ 1� z i j;mð Þð Þ
 !

B Loss of (i, j) due to local extinctions of consumer j on i patches ej; i þ mj; i

� �
p i; jð Þ

C Loss of (i, j) due to displacement of j by superior competitors
p i; jð Þ

P
k2CðiÞ

P
l2RðkÞ

ck; lpðl; kÞz i k; jð Þ� � !
D Increase in (i, j) due to prey-switching by j onto i, from alternate

resources, because of community reassembly following species
extinctions

P
k2R jð Þ

k>i

p k; jð Þ
P

l2C ið Þ

P
m2C lð Þ

r l; mð Þ mm:l þ r i; lð Þel; i
� �

Φi
m;k

 !
E Increase in (i, j) due to prey-switching by j onto i from alternate

resources because of successful invasion of communities by i
P

k2RðjÞ
p k; jð Þ

P
q2RðiÞ

P
r2CðqÞ

P
l2RðiÞ

ci;lp l; ið Þzq i; rð ÞΦi
r;k

 !
F Decrease of (i, j) due to loss of resource i and other species further

down trophic chain from extinction and top–down predator
effects

p i; jð Þ
P
s< i

P
t2CðsÞ

r s; tð Þðmt; s þ
P
r
rðr; sÞes; rÞΦr

t; i

� �
G Decrease in (i, j) due to loss of resource i, and other species further

down trophic chain, from competitive displacement by superior
competitors

p i; jð Þ
P
t�i

P
s2RðtÞ

P
m2CðsÞ

P
q2RðmÞ

cm; qp q; mð Þzs m; tð ÞΦm
t; i

 !
H Loss of (i, j) due to extinctions caused by top–down effect of

predators on consumer j
r i; jð Þ

P
r2CðjÞ

mr; j p j; rð Þ
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yet where no intermediate species can switch its consump-
tion towards k’s resource l after k goes locally extinct. This
is represented in Eq. 4 by Φl

k;i:

Φl
k;i ¼ f Sk;i

� �� f
[

m2CðlÞ
Sk;m [ Sm;i
� �0@ 1A: ð4Þ

Here,
S

m2CðlÞ
Sk;m [ Sm;i
� �

is a subgraph of Sk,i representing

all the directed paths between k and i that are also
connected to k’s resource species l. Thus, by extension,
Φl
k;i represents the largest subgraph between vertices k and i

that is not directly connected (i.e. has no direct feeding
links) to k’s resource l (see Appendix A for details).

Returning to Eq. 2, and to the expressions in Table 1, the A

term,
P

k2RðjÞ
cj;ip k;jð Þ

P
l2RðiÞ

p l;ið Þ �
P

m2CðiÞ
p i;mð Þ 1� z i j;mð Þð Þ

 !
,

gives the increase in (i, j) interactions due to successful
colonisation of new i-occupied patches by j colonisers. The
summed expression

P
k2RðjÞ

cj;kp k;jð Þ gives the total number of j

colonisers produced by all the patches where j feeds on
each of its possible resource k species. The expression
acknowledges that local j populations feeding on different
resource k species can produce different amounts of
colonisers depending on the quality of the local resource
species. The expression given in brackets in the A term
describes the amount of resource i patches available for
colonisation by j, which is equal to the total amount of
resource i patches,

P
l2RðiÞ

p l;ið Þ, minus the density of i patches

that are already being fed on by a superior competitor m
species,

P
m2CðiÞ

p i;mð Þ 1� z i j;mð Þð Þ. The expression ζi (j, m) is

a competition function determining the outcome of an
attempt by an invasive j to displace a resident m from an i
resource patch. Here, we assume the simple case where
ζi (j, m) is a discrete step function, which is equal to 1 when
invasive j is a superior competitor for i, able to successfully
displace m and 0 when species m is the superior competitor,
resistant to invasion by j:

z i j;mð Þ ¼ 1 if nj;i > nm;i
0 if nj;i � nm;i

	
;

where vj,i is the competition coefficient of j for resource i.
Although, here, ζi (j, m) is defined as a discrete function, it
can also be defined to take on any value between 0 and 1
depending on the competition rules regarding site preemption
(Calcagno et al. 2006).

The B term in Eq. 2, (ej,i+μj,i)p(i, j), gives the loss of (i, j)
interactions due to the extinction rate j experiences on i, ej,i
and the rate at which j drives resource i locally extinct, μj,i.

The C term, p i;jð Þ
P

k2CðiÞ

P
l2RðkÞ

ck;lpðl;kÞz i k; jð Þ� � !
, gives the
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loss of (i, j) due competitive displacement of j from i
patches by a superior competitor k [ζi (k, j)=1]. This C term
gives the total number of k colonists that are produced,
ck,l p(l,k), summed over all patches containing possible
l resources of k that are currently occupied by the (l, k)
interaction and further summed over all the possible k
consumers that can feed on i.

D and E give the rate at which the consumer j switches
local feeding from some other prey resource k to i because of
local food chain reassembly following extinctions further
down the food chain (term D) or competitive displacement of
species further down the food chain by i colonisers (term E).
Both terms are summed over all the relevant food
chain densities given by Φi

m;k. In the D term given

by
P

k2R jð Þ
k>i

p k;jð Þ
P

l2C ið Þ

P
m2C lð Þ

r l;mð Þ mm:l þ r i;lð Þel;i
� �

Φi
m;k

 !
, the

expression r l;mð Þ mm:l þ r i;lð Þel;i
� �

Φi
m;k gives the total fre-

quency at which the extinction of a species l feeding on i
below the (k, j) interaction in food web network will lead to j
switching its feeding onto i because no other potential
species between i and j is able to switch its feeding to i. This
is summed over all the potential m consumers of l, which can
drive l extinct through top–down effects, and all the possible
l species that are currently consuming i. This total frequency
is multiplied by the total fraction of patches where j is
currently feeding on a resource k, p(k, j), summed for all k
resources that have a higher index value than i. In the term E,

given by
P

k2RðjÞ
p k;jð Þ

P
q2RðiÞ

P
r2CðqÞ

P
l2RðiÞ

ci;lp l;ið Þzq i; rð ÞΦi
r;k

 !
,

the expression ci;lp l;ið Þzq i; rð ÞΦi
r;k gives the rate at which i

coloniser invasives displace, in the food web network below
the (k, j) interaction, r consumers feeding on q resource
patches and where no potential consumer between i and j
can, as a result, switch their feeding towards i. The total i
coloniser production is summed over all potential l resources,
and zq i; rð ÞΦi

r;k is summed over all possible r and q.
The F and G terms give the rate at which extinction or

displacement of species further down the food chain cause
the loss of (i, j) (see Appendix A for example). The term

F ¼ p i;jð Þ
P
s< i

P
t2CðsÞ

r s;tð Þ mt;s þ
P
r
r r;sð Þes;r

� �
Φr
t;i

� �
gives the

extinction rate of the (i, j) interaction due to the frequency
of extinctions experienced by each species s below (i, j).
The total extinction rate of an s species that will lead to

extinction of (i, j) is given by r s;tð Þ mt;s þ
P
r
r r;sð Þes;r

� �
Φr
t;i.

This expression is summed over all the possible t consumers of
s that can potentially drive s extinct from top–down effects,
and over all the possible s species below i in the network. The

term G ¼ p i;jð Þ
P
t�i

P
s2RðtÞ

P
m2CðsÞ

P
q2RðmÞ

cm;qp q;mð Þzs m; tð ÞΦm
t;i

 !
gives the rate at which m colonists invade and competitively
displace potential t species below the (i, j) interaction in the

network. The expression cm;qp q;mð Þzs m; tð ÞΦm
t;i gives the

frequency of patches where m colonists competitively
displace t consumers but where no potential species exists
between t and i that can switch its feeding towards m, thus
resulting in extinction of the (i, j) interaction. This expression
is summed over all q resources that allow m coloniser
production and over all potential s resources that can sustain t
and m consumers, as well as all t consumers where t<i.

Finally, the last term, H ¼ r i;jð Þ
P

r2CðjÞ
mr;jp j;rð Þ, gives the

loss of (i, j) suffered due to top–down effects of all r
predators feeding on j. For simple food web networks, the
system of differential equations can be defined by inspec-
tion of the corresponding food web graph (see Appendix B
for a demonstration). For arbitrarily complex networks with
numerous species, however, a computer algorithm would be
required to define the system of differential equations. Both
Appendices A and B provide a more detailed demonstration
in applying the terms in Eq. 2 to examples of food web
networks.

Relaxing the assumption regarding competitive ranking

If we relax the assumption of a competitive hierarchy based
on species indices, we can no longer assume that the patch
density of any particular food chain sequence can be
calculated from the product of all the ρ values along the
path defining that food chain. For example, in Fig. 2c, if
species 6 is a better competitor for species 1 than 3, then the
density of the chain defined by 1, 3, 4, and 6 will be 0, and
not p(4,6)·ρ(1,3), as assumed in Eq. 3. Similarly, the density
of the chains 2, 3, 4, and 6 will be p(4,6), and not p(4,6)·ρ(2,3).
To simplify the calculations needed to determine the chain
densities and patch overlap of species (particularly impor-
tant in order to avoid an excessively large number of
calculations during numerical simulations of the ordinary
differential equation system), we can transform the food
web graph so that no directed path will represent an a priori
impossible food chain configuration. The transformation
involves splitting existing paths and creating new vertices
and edges. An example of an algorithm to carry out the
transformation is given in Appendix C.

Exploring simple food web models

We demonstrate the application of the general patch-
dynamic framework with examples of simple food web
modules shown in Fig. 2. In the case of the specialised
predator–prey system shown in Fig. 2a, the system of
equations is

dp1
dt

¼ c1p1 h� p1ð Þ � e1p1 � m2;1p 1;2ð Þ; ð5aÞ
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dp 1;2ð Þ
dt

¼ c2;1p 1;2ð Þ p1 � p 1;2ð Þ
� �� e2;1p 1;2ð Þ � e1 þ m2;1

� �
p 1;2ð Þ:

ð5bÞ

[Note that, here, the densities of feeding links are
interchangeable with the density of species, i.e. �p h;1ð Þ ¼ �p1
(prey) and �p 1;2ð Þ ¼ �p2 (predator)]. This formulation is
similar to the predator prey model of Bascompte and Sole
(1998), where the predator as a resource specialist can only
persist in patches that remain occupied by its prey; if a local
prey population goes extinct in a predator-occupied patch,
the local predator population is then expected to immedi-
ately go extinct. As a result, predator patches constitute a
subset of total prey patches. However, Bascompte and Sole
overlooked the effect that prey resource extinctions will
have on predator extinction rates (third term in Eq. 5b). Not
accounting for this added extinction rate means that
predators can persist in patches without their prey.

The equilibrium densities of the prey bp1 and pred-
ator bp2 can be easily solved, giving us bp1 ¼ 1=2 Zþðffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2 þ 4m e1 þ e2 þ mð Þ=c1c2
p Þ and bp2 ¼ bp1 � e1 þ e2þð
m2;1Þ=c2, where Z ¼ h� e1=c1 � m2;1=c1

� �
. The behaviour

of this specialist predator–prey system can be strikingly
different from that expected of Bascompte and Sole’s
(1998) formulation of the same system. The equilibrium
abundances of both predator and prey for increasingly
strong predator-induced extinction rates, μ, are shown for
both formulations in Fig. 4a and b. Increasing μ values
indicate an increasingly unstable and extinction prone local
predator–prey interaction. For the original Bascompte and
Sole (1998) formulation (Fig. 4a), both the equilibrium
predator and prey abundances decrease in parallel as μ
increases. For the corrected formulation given by Eq. 5a and
5b (Fig. 4b) equilibrium predator abundances drop rapidly
towards regional extinction as the locally unstable nature of
the predator–prey interaction increases, while equilibrium
abundances for the prey only show a small decrease before
returning to maximum patch occupancy at the regional
scale. In short, despite driving both predator and prey
locally extinct, strongly destabilising interactions are likely
to have a disproportionately stronger metacommunity effect
on the predator compared to the prey. This would imply that
a specialist predator would be far more extinction prone
than a prey species in the face of habitat loss and that
specialist predators could potentially experience a stronger
fitness advantage to dispersing more rapidly than their
focal prey, which would experience little or no such fitness
advantage.

We can compare the responses of a specialist predator to
cases where the focal consumer–resource interaction is
embedded in a more complex trophic network, such as
when the predator can potentially survive in alternative

prey patches. Figure 4c and d shows the results of
increasing μ values on focal predator and prey abundances
when both are a part of the omnivorous module shown in
Fig. 2b. The predator (species 3) is now a generalist
predator able to subsist on focal prey species 2 and basal
resource 1. This gives a four-equation system:

dp1
dt

¼ c1p1 h� p1ð Þ � e1p1 � m2;1p 1;2ð Þ � m3;1p 1;3ð Þ; ð6aÞ

dp 1;2ð Þ
dt

¼ c2p 1;2ð Þ p1 � p 1;2ð Þ
� �� e2p 1;2ð Þ

� e1 þ m2;1

� �
p 1;2ð Þ � m3;2p 2;3ð Þ; ð6bÞ

dp 2;3ð Þ
dt

¼ c3;2p 2;3ð Þ þ c3;1p 1;3ð Þ
� � � p 1;2ð Þ � p 2;3ð Þ

� �
þ c2;1p 1;2ð Þp 1;3ð Þ � e3;2p 2;3ð Þ

� e1 þ e2 þ m2;1 þ m3;2

� �
p 2;3ð Þ; ð6cÞ

dp 1;3ð Þ
dt ¼ c3;2p 2;3ð Þ þ c3;1p 1;3ð Þ

� � � p1 � p 1;2ð Þ � p 1;3ð Þ
� �

þ e2 þ m3;2

� �
p 2;3ð Þ � e3;1p 1;3ð Þ

� e1 þ m3;1

� �
p 1;3ð Þ � c2p 1;2ð Þp 1;3ð Þ:

ð6dÞ
For convenience, the density of basal resource 1 is given by
p1 instead of p(h,1), and the colonization and extinction rates
of species 1 and 2 are given as c1 and e1 and c2 and e2,
respectively. The top–down extinction rate of resource i
caused by consumer j is represented by μj,i. Note that since
predator 3 can subsist on two resource types, predator 3’s
total colonization rate is the result of colonist production in
both its resource patches (first terms in Eqs. 6c and 6d).

We assume in this module that predator 3 has a
preference for prey 2, such that if a patch where 3 is
feeding on basal resource 1 is invaded by the focal prey 2,
then predator 3 will switch feeding towards 2 (second term
in Eq. 6c and fifth term in Eq. 6d). Similarly, extinction of
species 2 in patches with the (3, 2) interaction results in
predator 3 switching its feeding towards basal resource 1
(second term in Eq. 6d). Thus, an occupied local patch can
have one of four possible food chain configurations present:
(1), (1, 2), (1, 2, 3), and (1, 3).

Following Swihart et al. (2001), we represent the
extinction rate that predator 3 has on its alternate resource
1 as equalling the extinction rate it experiences on its
preferred prey 2 (e3,2=e3), plus an added extinction rate, = ,
experienced due to feeding on a non-preferred resource:
e3;1 ¼ e3 þ y.
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The responses of the focal predator and prey system to
increasing instability and extinction rates (increasing μ3,2
values) in Fig. 4c and d shows how, with an alternative prey
source, the predator at the metacommunity scale can avoid
being driven to extinction by the locally strong interactions
experienced with its focal prey. Now, the predator can exert
a stronger effect on the regional abundance of its prey. The
degree to which each focal species affects the other’s
metacommunity abundance and persistence depends upon
the viability of the predator on its non-preferred, alternate
resource, = : If = is small (predator very viable on the
alternate resource), then locally strong interactions will
have a greater regional effect on the prey than predator
(stronger metacommunity top–down effect), while the
opposite is the case if = is large (not viable on alternate
resource).

Spatial subdivision of habitat and colonisation–extinc-
tion dynamics have long been suspected of allowing strong,
extinction prone predator–prey interactions to persist at the
landscape level despite frequent local extinctions of both
predator and prey in individual patches (Huffaker 1958).
We have demonstrated here, with a simple patch-dynamic
formulation, how simple variation in the trophic structure
connecting focal predators and prey to other species will
translate that local effect into metacommunity level abun-
dances and persistence.

By exploring two simple food web configurations, we
were able to demonstrate the importance of properly
accounting for both the distribution of species interactions
and the rate of species extinctions within food webs when
formulating a patch-dynamic model of food web metacom-
munities. The power of the approach introduced here,
however, lies in its ability to provide a general framework
that can be applied to arbitrarily complex food web
configurations. The effects that the spatial subdivision of
habitat and the spatial variability of trophic interactions can
have on both the assembly and dynamics of large, highly
reticulated food web metacommunities can now be tackled
from a classic metapopulation perspective.

Discussion

Both the temporal and spatial scales assumed by ecological
models can be deciding factors in their ability to explain or
describe the mechanisms underlying the population and
community-level dynamics observed in the field. Michalski
and Arditi (1995) demonstrated how dynamic food webs
that undergo changes in network configurations on their
way to equilibrium can exhibit great temporal variation in
terms of species diversity and connectivity. Sampling such
a system over greater and greater time scales would result

Fig. 4 Graphs showing predator
and prey densities for increasing
top–down or predator-induced
extinction rates, μ. The dashed
line represents the focal predator
and solid line the focal prey. a
Predator and prey densities for
the original Bascompte and Sole
(1998) formulation. b Predator
and prey densities for corrected
formulation (Eqs. 5a and 5b). c
Densities shown for top predator
and focal prey in omnivory
module (Eqs. 6a, 6b, 6c, and
6d), when top predator is a
strong generalist (low = value;
= =0.25). d Densities shown for
top predator and focal prey in
omnivory module when top
predator is a weak generalist
(high = value; = =0.7).
Parameter values for all graphs:
h=1, c1=c2=0.8,
e1=e2=0.075 and for the
omnivory module
c3,2=c3,1=0.8 and
e3,2=e3,1=0.075
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in compiled webs of increasing complexity as a greater
share of all the possible links and species become included
in the web. Similarly, models that incorporate the effects of
space are valuable for investigating how food webs
assemble, and what properties emerge, when the trophic
interactions are spatially distributed.

A metacommunity approach to modelling trophic inter-
actions will be indispensable if theoretical studies are to
start incorporating more realistic spatial aspects of natural
food webs. The question of how a metacommunity model
of trophic interactions should be formulated though will
ultimately depend upon the assumptions made regarding
species movement and interactions at large spatial scales.
Relatively rare dispersal between patches implies that the
dynamics within patches are fairly independent of each
other. Under these circumstances, a modelling approach
that focuses on colonisation–extinctions dynamics occur-
ring within a metacommunity is a powerful simplification.
A patch-dynamic framework is thus most appropriate to
systems where habitat patches are sufficiently separated
from each other by an intervening ‘inhospitable’ matrix,
and dispersal and colonisation between patches is rare
enough that it does not affect local dynamics, such as
occuring at ‘larger’ spatial scales within fragmented land-
scapes or island systems.

The assumptions underlying a patch-dynamic approach
make it particularly well-suited for metacommunity systems
displaying strong species sorting behaviour, where regional
dispersal is sufficient enough to allow species to track
suitable habitat patches in a heterogeneous landscape, yet
not strong enough to overwhelm the local, deterministic
effects of species interactions and community assembly
(Leibold et al. 2004). Conversely, we would expect the
usefulness of the patch-dynamic approach to break down
for those metacommunities where movement and coloniza-
tion between patches increases to the point where the
dynamics occurring within patches become linked with one
another (Keeling 2002). Relaxing the metapopulation
assumption regarding patch movement necessitates a shift
towards modelling frameworks that more explicitly consid-
er how within patch dynamics are linked by the patch
movement of one or more species (for example, Mouquet
and Loreau 2002, 2003; Loreau et al. 2003; Guichard 2005;
Koelle and Vandermeer 2005; McCann et al. 2005; Rooney
et al. 2006; Gouhier et al., in press).

Evidence of species sorting has been observed for both
natural and experimentally manipulated metacommunity
systems. Van der Gucht et al. (2007), for example, found
that local bacterial communities in a system of connected
shallow lakes were largely determined by local environ-
mental factors, as opposed to the metacommunity level
effects of dispersal. In this case, it was believed that species
sorting was facilitated by very fast local population growth

rates, which ensured that local bacterial population dynam-
ics and metacommunity-level dispersal occurred at different
temporal scales—the key assumption of most patch-
dynamic models. Examples of zooplankton metacommun-
ities inhabiting interconnected ponds (Cottenie and De
Meester 2003, 2004; Cottenie et al. 2003) and inquiline
food web communities inhabiting pitcher plants (Miller et
al. 2002; Kneitel and Miller 2003) also support a species
sorting perspective.

Although numerous models exist to describe food webs
at the local community level, theoretical tools for studying
food web assembly and dynamics at metacommunity scales
are still sorely needed (Brose et al. 2005). One of the
benefits of our framework is that it is now possible to
investigate how food web complexity can emerge at large
spatial scales. Just as the observed complexity of an
empirical food web may arise when sampling occurs over
large temporal scales, so a patch-dynamic approach may
offer important insights into how complex trophic networks
may emerge at large metacommunity scales through the
aggregation of simpler local trophic interactions and modules.
An example of such a food web metacommunity is given by
the trophic interactions between the butterflyMelitaea cinxia,
its host plants, and its interacting parasitoids and hyper-
parasitoids in the Finnish Aland Islands, as studied by van
Nouhuys and Hanski (2005). In this metacommunity, many
of the interacting species exhibit a metapopulation structure
by virtue of the island landscape. As well, distinct and
locally simple food web modules appear to be linked to each
other across large geographic scales by the sharing of prey
and predators (generalist predation).

Our patch-dynamic framework will also provide testable
predictions. Once consumer–resource interactions are seen
as being connected—through the sharing of common prey
and predators—to other trophic interactions at the meta-
community scale, attempts at predicting the behaviour of
any given consumer resource pair becomes possible. We
demonstrated this by showing how the stabilising effects of
space on a potentially strong, unstable predator–prey
interaction varied depending on the ecological context
provided by alternative prey. Increasingly strong interac-
tions in a specialist predator–prey system can lead to rapid
regional extinction of the predator with little or no regional
effect on the prey, while both the availability and ability to
survive on alternative prey resources can transform, even
reverse, this outcome. The specialist predator–prey interac-
tion can exhibit a type of ‘bottom–up’ effect at the
metacommunity level, where predators appear to have little
effect on their prey’s regional persistence and abundance,
yet are strongly affected by their prey (Fig. 4b). The
presence of alternative prey cannot only weaken this effect
but can even lead to the opposite case of a metacommunity-
level ‘top–down’ effect (Fig. 4c, d). The significance of
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these simple results for conservation can be appreciated
when one considers the ease with which a predator can be
rapidly driven globally extinct—even in the absence of
habitat loss—simply by the indirect effects that result from
the extinction of an alternative, less preferred resource.

These results demonstrate how theoretical models of
trophic interactions can provide the necessary framework
for guiding empirical investigations since the focus of many
empirical investigations—the abundance and persistence of
consumer-resource interactions in the face of habitat
loss—cannot be adequately studied in isolation without an
appreciation of the larger food web interactions that focal
predator–prey relations are embedded within. In fact, the lack
of a guiding theoretical framework may explain the inability
of recent empirical research to discern a clear pattern re-
garding the effects of habitat loss on predator–prey inter-
actions (Ryall and Fahrig 2006). We hope that the framework
we provide here will lead to a fuller integration of theory and
experiment in the study of metacommunity food webs.
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Appendix A

We can appreciate the motivation underlying Eq. 4 by
considering the portion of a hypothetical food web shown
in Fig. 5. The subgraph S4,9 of the food web graph in Fig. 5
represents all the species and feeding links lying on a
directed path between species 4 and species 9 (solid black
lines). From Eq. 3, we know that f (S4,9) gives the fraction
of patches occupied by species 9 that are also occupied by
species 4. In this case

f S4;9
� � ¼ r 4;5ð Þ � r 5;6ð Þ � r 6;8ð Þ � r 8;9ð Þ

� �
þ r 4;5ð Þ � r 5;7ð Þ � r 7;8ð Þ � r 8;9ð Þ
� �

þ r 4;9ð Þ: ð7Þ

However, what we are actually interested in is the fraction
of species 9-occupied patches where species 9 will be
affected by extinctions of species 4. Looking at Fig. 5, we
see that extinction of species 4 in patches containing the
food chain sequence 4, 5, 7, 8, and 9 will not lead to the
extinction of species 9, since an intermediate species 7 can
switch predation to 4’s resource species 3, as indicated by
the (3, 7) link (dashed line). As a result, a patch with the
food chain sequence 3, 4, 5, 7, 8 and 9 will reassemble,
after 4 goes extinct, into 3, 7, 8 and 9.

In order to know how the regional abundance of a
species i is affected by the extinction rate of any particular

species k below it, we need to know what fraction of
patches containing species i also contains some intermedi-
ate species m capable of switching consumption to one of
k’s resources upon k’s extinction. This is given by the

second term in Eq. 4, f
S

m2CðlÞ
Sk;m [ Sm;i
� � !

. For the
example given here,

f
[

m2CðlÞ
Sk;m [ Sm;i
� �0@ 1A ¼ r 4;5ð Þ � r 5;7ð Þ � r 7;8ð Þ � r 8;9ð Þ: ð8Þ

Subtracting Eq. 8 from Eq. 7, as per Eq. 4 gives us the net
fraction of patches occupied by 9, where 9 will go extinct
upon 4 going extinct whenever 4 is consuming resource 3:

Φ3
4;9 ¼ r 4;5ð Þ � r 5;6ð Þ � r 6;8ð Þ � r 8;9ð Þ

� �
þ r 4;9ð Þ.

Appendix B

We demonstrate here the application of Eq. 2 for the top
two pairwise interactions in Fig. 2c (we assume v5,4>v6,4
and v3,1>v6,1).

For the (6, 7) interaction, the first term in Eq. 4 becomes
A ¼ c7;6p 6;7ð Þ p 1;6ð Þ þ p 4;6ð Þ � p 6;7ð Þ

� �
. Here, the growth in

the fractions of patches with the (6, 7) interactions is due to
the total number of species 7 colonisers (c7,6 p(6,7)) landing
on available resource 6 patches, itself given by the total
fractions of resource 6 patches ( p(1,6)+p(4,6)), minus those
already occupied by consumer 7 ( p(6,7)).

The second term given by B ¼ e7;6 þ m7;6

� �
p 6;7ð Þ simply

gives the extinction rate of the (6, 7) interaction due to the
extinction rate of consumer 7 (e7,6) and the rate that resource
6 is driven extinct due to predation by consumer 7, (μ7,6).

Fig. 5 An example of a sub-
graph of a hypothetical food
web network
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Since there are no competitors for resource 6 and no
alternative resources for consumer 7 aside from 6, terms C,
D and E are all equal to 0. However, a decrease in the (6, 7)
interaction can occur due to extinctions of species further
down the food web. The effect that species extinctions
further down the food web has on the (6, 7) interaction will
be determined by the degree of patch overlap between the
(6, 7) interaction and the rate of extinction for each species
below 6. In the F term, the extinction rates of all species
interactions below (6, 7), multiplied by the fraction of the
7-occupied patches that will be affected by that extinction
are summed (see Appendix A for an example). When this
sum is multiplied by the density of (6, 7) patches, p(6,7),

we get F ¼ p 6;7ð Þ e6;1r 1;6ð Þ þ r 4;6ð Þ
�

e6;4 þ m6;4

� �þ e4;3þ
���

m4;3Þ þ r 2;3ð Þ e3;2 þ m3;2

� �þ r 1;3ð Þ e3;1 þ m3;1

� �ÞÞ.
The (6, 7) interaction can also decrease due to

competitive displacement of species further down the
food web—in this case, species 5 displacing 6 from
resource 4 patches. Thus, here, G is equal to the number
of species 5 colonisers, c5,4 p(4,5), that successfully land on
and displace consumer species 6 from resource 4 in food
chains with the (6, 7) interaction, ρ(6,4) p(6,7), giving us
G=p(6,7) (c5,4 p(4,5) ρ(6,4)). Finally, H=0, since there is no
predator species that can drive 7 extinct from top–down
effects. The overall equation for the (6, 7) interaction is
then

dp 6;7ð Þ
dt ¼ c7;6p 6;7ð Þ p 1;6ð Þ þ p 4;6ð Þ � p 6;7ð Þ

� �� e7;6 þ m7;6

� �
p 6;7ð Þ

�p 6;7ð Þ e6;1r 1;6ð Þ þ r 4;6ð Þ
�

e6;4 þ m6;4

� �þ e4;3 þ m4;3

� �þ r 2;3ð Þ e3;2 þ m3;2

� �þ r 1;3ð Þ e3;1 þ m3;1

� �� �� �
�p 6;7ð Þ c5;4p 4;5ð Þr 6;4ð Þ

� �
:

Similarly for the (4, 6) interaction, A gives growth of the
interaction due to colonisation of available resource 4
patches by consumer 6. However, now, in order to
determine the total number of species 6 colonisers
produced, one must sum over all the resource patches
occupied by 6 (c6,4 p(4,6) + c6,1 p(1,6)), giving us
A ¼ c6;4p 4;6ð Þ þ c6;1p 1;6ð Þ

� �
p 3;4ð Þ � p 4;5ð Þ � p 4;6ð Þ
� �

. B i s
defined similarly to the previous example.

The (4, 6) interaction, unlike (6, 7), can decrease due to
competitive displacement of the consumer species; in this case,
6 can be displaced from resource 4 by 5 giving us C=c5,4 p(4,5)
(p(4,6)). Since there is no way 6 can directly switch from some
alternative resource onto 4, both D and E are equal to 0. The
F and H terms are determined similarly to the previous
example, while G=0, since there are no species below the
interaction that can be displaced by superior competitors. The
overall equation then for the (4, 6) interaction is

dp 4;6ð Þ
dt

¼ c6;4p 4;6ð Þ þ c6;1p 1;6ð Þ
� �

p 3;4ð Þ � p 4;5ð Þ � p 4;6ð Þ
� �� e6;4 þ m6;4

� �
p 4;6ð Þ

�c5;4p 4;5ð Þ p 4;6ð Þ
� �� p 4;6ð Þ e4;3 þ m4;3

� �þ r 2;3ð Þ e3;2 þ m3;2

� �þ r 1;3ð Þ e3;1 þ m3;1

� �� �
� m7;6p 4;6ð Þ:

Appendix C

Algorithm for transforming a food web graph

Below, we outline an algorithm that can transform the food
web graph so that no directed path in the graph will
represent an a priori impossible food chain configuration.
The algorithm required is relatively straightforward: (1)
move up the vertex set until you come to a generalist
species, t, with more than one incoming edge, at least one
of which is a bypass link, which directly connects the
consumer to a resource further down one of its other food
chains. (2) Start at the resource vertex in one of the bypass
links that has the lowest index value, and from there, start
moving up the vertex set one index number at a time,

checking all the incoming edges for each vertex while
doing so. If the current vertex, k, has more than one
incoming edge, at least one of which is from a directed path
rooted in one of the bypass resources and at least one of
which is from a directed path not rooted in one of the
bypass resources, and if at least one of vertex k’s outgoing
edges is on a directed path towards t, then split vertex k into
two parallel vertices, each with the same outgoing edge as
before, but no incoming edges. (3) Attach to the original
vertex, k, any incoming edges from directed paths that were
not rooted in one of the bypass resources, and to the new
vertex, k’, attach the incoming edges from paths that are
rooted in the one of the bypass resources. (4) Continue this
until you arrive at the consumer vertex t and then
disconnect all incoming edges from t that are part of a
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directed path from one of the bypass species. (5) Start again
at (1) moving up the food web looking for the next
generalist predator with bypass loops in order to establish a
new t, and then repeat (2)–(4).

This algorithm can be applied to the network before the
system of differential equations is defined. A simple
example of transformation can be observed for the graph
in Fig. 2c, which becomes, by the above method, the graph
shown in Fig. 6. In Fig. 6, the distribution of each
consumer’s feeding links among its prey can be considered
independently of how the prey’s own feeding links are
distributed among its own resources and so on. As a result,
the frequency of patch overlap between any two species in
a directed path or food chain can be determined by
multiplying the ρ values of the pairwise interactions along
the path between them.
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